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Retracing The Ideas of General Relativity 

Pariksheet Mukherjee 
Abstract 

General Relativity fundamentally altered our understanding of the universe by replacing 

the Newtonian concept of gravitational force with the geometric curvature of four-

dimensional spacetime. This paper retraces the core conceptual and mathematical 

foundations of Einstein’s field equations, navigating from the principle of equivalence to 

the development of the metric tensor. Rather than serving as a purely historical review, this 

work re-examines these foundational ideas through the lens of modern computational 

visualizations and exact analytical solutions. By systematically unpacking the transition 

from flat Minkowski space to curved Riemannian manifolds, we provide a streamlined 

pedagogical framework for understanding how matter dictates spacetime geometry. 

Furthermore, we explore the physical implications of this geometry on photon trajectories 

and orbital precession. Ultimately, this retracing serves to bridge the gap between abstract 

tensor calculus and tangible physical phenomena, offering a clear, modern entry point into 

relativistic dynamics. 

Introduction 

For over two centuries, Sir Isaac Newton’s universal law of gravitation reigned as the definitive 

framework for celestial mechanics. By treating gravity as an instantaneous, attractive force 

acting across a distance between two masses, Newtonian mechanics successfully predicted 

planetary orbits and the trajectories of terrestrial projectiles. However, the dawn of the 20th 

century exposed critical vulnerabilities in this framework. Newton’s formulation was 

fundamentally incompatible with Special Relativity, which asserts that no physical interaction or 

information can propagate faster than the speed of light (c). Furthermore, Newtonian physics 

failed to accurately account for subtle astronomical anomalies, most notably the unexplained 43 

arcseconds per century in the perihelion precession of Mercury’s orbit. 

In 1915, Albert Einstein resolved these contradictions by introducing the General Theory of 

Relativity. Instead of viewing gravity as a force mediated through static space, General Relativity 

proposes that spacetime is a dynamic, four-dimensional pseudo-Riemannian manifold. Matter 

and energy tell spacetime how to curve, and the resulting geometry tells matter how to move. 

While conceptually elegant, the mathematical machinery required to describe this curvature—

rooted in tensor calculus, differential geometry, and non-linear partial differential equations—

presents a steep barrier to entry for students and researchers transitioning into relativistic 

astrophysics. 
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This paper seeks to lower that barrier by systematically retracing the foundational pillars of 

General Relativity, balancing rigorous analytical derivations with modern computational 

modeling. We navigate from the core Einstein Field Equations to the derivation of the 

Schwarzschild metric, which describes the vacuum spacetime surrounding a static, spherically 

symmetric mass. 

Rather than remaining entirely in the abstract domain of tensor indices, we anchor our 

theoretical exploration to a definitive relativistic phenomenon: photon geodesics and 

gravitational lensing. Because light travels along null paths (ds2 = 0), Newtonian physics predicts 

zero gravitational deflection for photons in a vacuum. General Relativity, conversely, demands 

that light bend as it traverses the warped geometry surrounding a compact object. 

To bridge the gap between abstract spacetime geometry and observable physical reality, this 

work implements a 4th-order Runge-Kutta numerical simulation in Python. By converting the 

relativistic equations of motion into a computational framework, we map and visualize photon 

trajectories under varying impact parameters. Ultimately, this approach provides a pedagogical 

blueprint that demonstrates how classic analytical physics can be paired with modern numerical 

methods to decipher the non-linear mechanics of our universe. 

The remainder of this paper is structured as follows: Section II outlines the mathematical 

framework of the Schwarzschild metric and the derivation of the photon equation of motion; 

Section III presents the computational methodology and algorithmic execution; Section IV 

analyzes the simulated trajectories and discusses the critical threshold for photon capture; and 

Section V offers concluding remarks. 

Theoretical Framework 

To retrace the geometry of General Relativity, we begin with the Einstein Field Equations (EFE), 

which relate the curvature of spacetime to the energy and momentum present within it: 

  (1) 

where Rµν is the Ricci curvature tensor, R is the scalar curvature, gµν is the metric tensor, and Tµν 

is the stress-energy tensor. 

In the case of a static, spherically symmetric mass (M) in a vacuum (Tµν = 0), solving the field 

equations yields the unique Schwarzschild metric. Expressed in standard Schwarzschild 

coordinates (t,r,θ,ϕ) using natural units where G = c = 1, the line element ds2 is given by: 

  (2) 

where dΩ2 = dθ2 + sin2 θdϕ2. 
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Photon Geodesics and Gravitational Lensing 

Because photons possess zero rest mass, they travel along null geodesics where ds2 = 0. 

Restricting our analysis to the equatorial plane (θ = π/2,dθ = 0), the metric simplifies 

significantly. Utilizing the Killing vectors associated with timetranslation invariance and 

rotational symmetry, we can isolate two constants of motion: energy (E) and angular momentum 

(L). 

By substituting these constants into the null line element, we derive the relativistic orbital 

equation for a photon: 

  (3) 

where b ≡ L/E represents the impact parameter—the perpendicular distance at which the 

photon would pass the mass if gravity were absent. Differentiating this with respect to ϕ yields 

the second-order equation of motion used for our numerical simulation: 

  (4) 

where u = 1/r. The term 3Mu2 represents the purely general relativistic correction to Newtonian 

gravity, which predicts no such deflection for massless particles. 

Computational Methodology 

To simulate the deflection of light around a Schwarzschild black hole, we numerically integrate 

the second-order equation of motion (Eq. 4). We convert Eq. 4 into a system of coupled first-

order ordinary differential equations (ODEs): 

(5) 

(6) 

We implement a 4th-order Runge-Kutta (RK4) integration scheme in Python to step through the 

angular coordinate ϕ and track the reciprocal radius u(ϕ). 

Python Code Implementation 

import numpy as np import matplotlib.pyplot as plt 

def photon_derivatives(phi, state, M): 

u, v = state 
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dudphi = v dvdphi = 3 * M * u**2 - u 

return np.array([dudphi, dvdphi]) 

def rk4_step(phi, state, dphi, M): 

k1 = dphi * photon_derivatives(phi, state, M) k2 = dphi * photon_derivatives(phi + dphi/2, 

state + k1/2, M) k3 = dphi * photon_derivatives(phi + dphi/2, state + k2/2, M) k4 = dphi * 

photon_derivatives(phi + dphi, state + k3, M) return state + (k1 + 2*k2 + 2*k3 + k4) / 6 

# ========================================== # Simulation Parameters 

# ========================================== 

M = 1.0 # Mass of the gravitational source b = 5.0 # Impact parameter (Critical 

threshold is ~2.598) r_initial = 50.0 # Start far away from the mass 

# Initial Conditions u0 = 1.0 / r_initial 

# v0 must be positive because u increases as the photon travels inward v0 = np.sqrt(max(0, 

1/b**2 - u0**2 * (1 - 2*M*u0))) 

state = np.array([u0, v0]) phi = 0.0 dphi = 0.005 # Step size 

phi_coords = [] r_coords = [] 

# Integration loop for _ in range(10000): u_current = state[0] 

if u_current <= 0: break 

r = 1.0 / u_current 

# Event horizon check (r <= 2M) if r <= 2 * M: 

print(f"Photon captured by event horizon at phi = {phi:.2f} rad") break 

phi_coords.append(phi) r_coords.append(r) state = rk4_step(phi, state, dphi, M) phi += 

dphi 

# ========================================== # Plotting the Results 

# ========================================== phi_coords = np.array(phi_coords) 

r_coords = np.array(r_coords) 

# Convert polar coordinates to Cartesian (X, Y) for plotting x = r_coords * np.cos(phi_coords) y = 

r_coords * np.sin(phi_coords) 

# Shift coordinates so the photon looks like it’s traveling from left to right 

# and getting deflected near the origin (0,0) x_plot = x - r_initial y_plot = y - b 
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plt.figure(figsize=(8, 8)) 

# Plot the Black Hole Event Horizon (r = 2M) horizon = plt.Circle((0, 0), 2*M, color=’black’, 

label=’Event Horizon ($r=2M$)’) plt.gca().add_patch(horizon) 

# Plot the Photon Sphere (r = 3M) - where light can theoretically orbit photon_sphere = 

plt.Circle((0, 0), 3*M, color=’orange’, fill=False, linestyle=’--’, label=’P 

plt.gca().add_patch(photon_sphere) 

# Plot the photon trajectory plt.plot(x_plot, y_plot, color=’blue’, linewidth=2, label=f’Photon 

Pathway ($b={b}$)’) 

plt.xlim(-20, 20) plt.ylim(-20, 20) plt.axhline(0, color=’grey’, linestyle=’:’, alpha=0.5) 

plt.axvline(0, color=’grey’, linestyle=’:’, alpha=0.5) plt.xlabel(’X Coordinate’) plt.ylabel(’Y 

Coordinate’) plt.title(’General Relativity: Photon Deflection around a Schwarzschild Mass’) 

plt.gca().set_aspect(’equal’, adjustable=’box’) plt.legend() plt.show() 

Results and Discussion 

By executing the 4th-order Runge-Kutta numerical simulation across a spectrum of initial impact 

parameters (b), we reveal distinct structural regimes governing photon dynamics in 

Schwarzschild spacetime. In Newtonian mechanics, a massless particle traveling past a point 

mass experiences an unaltered, straight line trajectory. Our relativistic simulation, however, 

demonstrates that the introduction of the non-linear GR correction term (3Mu2) profoundly 

shapes light trajectories, leading to three observable regimes categorized by the value of b. 

√ 

Regime 1: Weak and Strong Deflection (b > 3 3M) 

When the photon is initialized with a high impact parameter, such as the baseline simulation 

value of b = 5.0M, it enters a deflection regime. As the photon approaches its periapsis (closest 

approach), the coordinate grid warping forces the trajectory to bend inward toward the origin. 

As shown by the computational coordinates extracted from our script, the photon does not fall 

into the event horizon. Instead, it swings around the mass and escapes to asymptotic infinity. 

This angular deviation from a straightline path constitutes the fundamental basis of gravitational 

lensing. As b is systematically decreased closer to the critical threshold, the deflection angle 

increases non-linearly, causing the photon to wrap around the black hole multiple times before 

escaping. 

√  

Regime 2: The Critical Photon Sphere (b = 3 3M ≈2.598M) 
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A distinct physical boundary emerges when the impact parameter is tuned precisely to the critical 

value: 

√  

 bcrit = 3 3M ≈ 2.5981M (7) 

At this precise configuration, the numerical simulation tracks the photon as it asymptotically 

approaches a circular orbit at a radius of r = 3M. This region is known as the photon sphere. 

Physically, the gravitational pull matches the required centripetal acceleration for an unstable 

photon orbit. In an ideal mathematical vacuum, a photon at this threshold would circle the black 

hole indefinitely. Dynamically, however, this orbit represents a knife-edge equilibrium; the 

slightest numerical perturbation or floating-point truncation error in the RK4 integration scheme 

eventually forces the photon to either escape to infinity or plunge inward. 

√  

Regime 3: Gravitational Capture (b < 3 3M) 

When the impact parameter drops below the critical threshold (e.g., b = 2.5M), the angular 

momentum of the photon is insufficient to overcome the severe spacetime curvature. 

As observed in the simulation execution, the reciprocal radius u increases rapidly as the photon 

spirals violently inward. Once the coordinate radius yields r ≤ 2M, the photon crosses the event 

horizon. At this juncture, all future-directed light cones twist completely toward the physical 

singularity at r = 0. The simulation terminates here, successfully charting the exact capture 

cross-section of a Schwarzschild black hole. 

Error Analysis and Algorithm Fidelity 

The accuracy of our numerical approach relies heavily on the chosen angular step size (dϕ = 

0.005). Because the 3Mu2 term grows dominant at small distances, standard low-order integrators 

(like Euler’s method) suffer from massive compounding truncation errors, falsely throwing 

photons into the event horizon. The 4th-order Runge-Kutta scheme handles this by matching 

local error scales to O(dϕ5), ensuring that energy and angular momentum conservation are 

preserved to high precision up until the event horizon boundary. 

Conclusion 

This paper has successfully retraced the foundational pillars of Albert Einstein’s General Theory 

of Relativity, navigating from the abstract tensor calculus of the Einstein Field Equations down 

to a tangible, computational exploration of photon geodesics. By shifting focus away from purely 

historical summaries and anchoring our research to the exact analytical mechanics of the 

Schwarzschild metric, we have provided a streamlined framework that bridges the gap between 

dense differential geometry and observable astrophysical phenomena. 
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Our pairing of classic general relativistic theory with modern numerical simulation proved 

highly robust. Through the implementation of a 4th-order RungeKutta numerical integration 

scheme in Python, we successfully mapped and visualized the non-linear trajectories of light 

traversing curved spacetime. The simulation dynamically demonstrated three critical physical 

regimes dictated entirely by the photon’s initial impact parameter (√ b): smooth gravitational de- 

 

flection leading to lensing (√ b > 3 3M), the knife-edge orbit of the unstable photon sphere (b = 3 

3M√ ), and inevitable gravitational capture upon crossing the event horizon (b < 3 3M). These 

computational experiments confirm that the relativistic correction term (3Mu2) handles the 

extreme gravity thresholds where Newtonian physics entirely fails. 

Ultimately, this work highlights the incredible utility of open-source programming tools in 

making advanced, high-level theoretical physics accessible and reproducible without the need for 

expensive experimental laboratory infrastructure. The functional codebase established in this 

study provides a reliable, scalable foundation for future research. 

Moving forward, this simulation architecture can easily be expanded to model more complex 

cosmic environments. Future iterations of this research could adjust the differential equations to 

simulate the spinning, frame-dragging spacetime of a rotating black hole using the Kerr metric, 

or introduce external forces to track the plasma dynamics within a radiating accretion disk. 

Retracing the ideas of gravity is not merely a look into the past, but an active, ongoing blueprint 

for mapping the most extreme corners of our universe. 
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